Introduction.
The existence of a simple group of order 168 and tbe representation of it as a transitive permutation group of degree 7 were known to Galois, but since the group was exhibited as a group of ternary linear substitutions by Klein in his famous paper >~Uber die Transformation siebenter Ordnung der elliptischen Funktionen* published in Volume 14 of Mathernalische A~ale~ (and later in the third volume of his collected mathematical papers) it has been generally known as the Klein group. Klein's paper is indeed so masterful in its handling of material, so penetrating in insight and so rich in its yield of new results that it is only fitting that the group should be associated with his name. The paper was followed, in Volume I 5 of Mathernatische A~alen a few months later, by a second paper ~t~ber die AuflSsung gewisser Gleichungen yore siebenten und achten Grade* ; this is in the second volume of the collected mathematical papers.
It is these two papers, together with the cognate material in the first volume of the KleimFricke treatise on elliptic modular functions, that constitute the indispensable sources of the work which follows.
In the second of Klein's papers there is set out a geometrical basis for handling the Klein group operating as a group of quaternary collineations in three dimensions. Even a cursory glance over this paper leaves no doubt of the value, in Klein's estimation, of this approach to the subject. In the introduction he tells us that he has gladly again availed himself of geometrical deliberations for (he says) geometry does not merely make visual and illuminate but serves in these researches the prime purpose of discovery. And later, when he has disclosed the net of quadric loci and the net of quadric envelopes on which W.L. Edge. the geometrical structure must arise, he says explicitly that they form the proper starting-point for the main treatment of the subject. These are surely authoritatire commendations, and Klein must have persisted in his opinion. When the first volume of the Klein-Fricke treatise was published more than ten years later the net of quadric loci, together with the cubic surfaces containing its Jacobian curve, again appeared. And almost so long as half a century later, when the third and last volume of his collected mathematical papers was published in I923, we find Klein adding a note (pp. I77--8 ) in which he directs attention to the Jacobiun curve and its scroll of trisecants.
While however there can be no doubt of Klein's opinions, and while we may perhaps surmise that he supplemented them with verbal exhortations to his numerous and expert lmpils, the fact remains that, except for Baker's >>Note introductory to the study of Klein's group of order I68>> the geometrical exploration of the three-dimensional figure has been entirely neglected. Baker obtains twenty-one quartic scrolls of genus I which contain the Jacobian curve.
But Baker builds his arguments on the Klein-Fricke treatise rather than on Klein's two original papers, and as the treatise mentions the net of quadric loci but never the net of quadric envelopes Baker does not mention the reciprocations of the figure into itself. ~or, having signalised the quartic scrolls, does he proceed to deal with any other surfaces or loci. But his results are the only geometrical additions to Klein's own, and while I record this I must also declare that it is to Baker's paper that I owe my introduction to the subject.
Perhaps it is of interest to remark that its publication in I935 at once caused me to consult the original authorities to which I might not have been led otherwise and that, in consequence of this, the generating function O(x) of w 38 was obtained in August I936.
There is certainly one conspicuous reason why Klein's commendations have not been implemented to better purpose; the geometry of the figure is that of net of quadrics invariant for a group of 168 collineations whereas, up to some few years ago, very little was known about the geometry of ~ net of quadrics. When Klein discovered the plane quartic curve that admits a group of I68 collineations he was able to appropriate at once the geometry of a general plane quartic; to lay hands upon its inflections, its bitangents, its sextactic points, its systems of contact cubics, and so on, and the brilliantly effective way in which he did so has been a source of delight to countless mathematicians.
When, however, he offered a net of quadrics there was but little geometry ready
